1 Quiz 1

Problem 1.1 (1pt). Consider first order equations and determine if they
are linear homogeneous, linear inhomogeneous, quasilinear or non-linear (u
is an unknown function):

u + xu, =0, (1.1)
ur + uu, = 0. (1.2)
Answer. (7.1)) Linear homogeneous, ([7.2) Quasilinear m

Problem 1.2 (2pt). Find the general solutions to the following equation:
Ugayy = sin(x) sin(y) (1.3)
Solution. Integrating by x, x, y and y:
Ugzyy = SIN(2) SIn(y) = Uyay = —sin(z) cos(y) + ¢"(z) =
Usp = —sin(z)sin(y) + ¢"(2)y + ¢y (z) =
ug = cos(z) sin(y) + ¢'(x)y + ¢ () + ¥(y) =
u = sin(z)sin(y) + ¢(z)y + ¢1(z) + ¢ (y)z + Y1 (y)

where ¢, ¢1,1, 1, are arbitrary functions. n

Problem 1.3 (2pt). Find the solution of

{ux—b—?)uy = xy, (1.4)
U|x:0 =0.
Solution.

d d d

@ _ 4y _ dau —= y—3r=0 = du=2z3z+C))dr =

1 3 3xy

1
u = Ig + 5011‘2 + CQ
with Cy = ¢(C4) with arbitrary function ¢; so

1 1 |
u=2"+5(y = 3u)2” + ¢y — 3z) = 52’y — 5a” + @y — 3x)

is the general solution to equation. Plugging into initial condition we get
¢(y) = 0 and thus

1 1 1
u=1z"+ §(y —3z)2* + ¢y — 3z) = 51:23/ — 51'3

is the final answer. O



2 Quiz 2

Problem 2.1 (5pt). Solve IVP

Ut — 4uazx = 0, (21
uli—o = g(x), Utli=0 = h(z) (2.2
with
cos(z) |x| <m/2,
g9(x) = h(z) =0 (2.3)
0 |z| > /2,

Solution. See figure; here (-3, 7) (on t = 0) is bold, characteristics passing
through its ends x — 2t = const and = + 2¢ = const are teal and orange and
in the central diamond u = 3 cos(z + 2t) + 3 cos(z — 2t) = cos(x) cos(2t).

t
u = 1 cos(x + 2t) u=20 u = 1 cos(z — 2t)
u=0 u = cos(f) cos(2t) u=0
u = 3 cos(x — 2t) u=0 u = % cos(x + 2t)

]



3 Quiz 3

Problem 3.1 (5pt). Find solution
=0,
0

Uy — CUgy t>0,2>0, (3.1)
Upy — Coligy = 0, t>0,2<0, (32)
uli=o = o(x), Utli—o = 19 () x>0, (3.3)
uly=o = 0, Utli=0 = 0, r <0, (3.4)
Ulr=10 = Qlp=—o, Ug|z=10 = BUz|e=—0 t>0 (3.5)

(separately in x > ¢1t, 0 < x < ¢1t, —cot < x < 0 and z < —eqt.

Solution. See figure. Observe that in {x > 0}, {z < —cot} the general
solution is

u(z,t) = p1(z + c1t) + Y1 (z — art), (3.6)
u(z,t) = p1(z + cot) + Y1 (z — caot), (3.7)

due to ([7.1)), (7.2)) respectively. Plugging and (4.7)) into (6.3]) and (6.4)

respectively we get

©1(7) + Y1(7) = ¢(), arp1(x) — ey (z) = ¢'(x), x>0, (3.8)

p2(z) + 1ha(z) = 0, Copa () — catha(z) = 0 r<0. (3.9
which (up to constants which do not affect u(x,t)) imply

¢1(z) = o(), Y1 () =0, x>0, (3.10)

pa(z) =0, Ya(z) =0 z < 0. (3.11)

which gives us u(x,t) = ¢(x + c1t) as © > 1t and u(z,t) =0 as xy < —cot.
Now we are doing the most important thing: finding ¢ (x) as x < 0 and
po(x) as © > 0. From (7.5) as t > 0:

p1(c1t) + i (—at) = 04(802(6215) + ¢2(—02t));
pi(ert) + i (—art) = B(gh(cat) + vh(—cat))
and plugging and we get
Qb(Clt) + wl(—clt) = O[(pQ(CQt), (312)
o lert) — ep i (ant) = By p(eat) (3.13)
where we already integrated ¢(cit) + ¢|(—cit) = Byy(cat). Solving this
system we get
vi(—at) = Kiglert),  Ki=(ae' =B ")/ (ac’ + Beyt),
QOQ(CQt) = K2¢(Clt)7 K2 = 201_1/(0601_1 + 6C2_1>

which implies what on the figure
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4 Quiz 4
Problem 4.1 (5pt). Oscillations of the beam are described by equation

with K > 0.
If both ends clamped (that means having the fixed positions and directions)
then the boundary conditions are

u(0,t) = uy(0,t) =0, (4.2)
u(l,t) = u,(l,t) = 0. (4.3)

a) Find equation describing frequencies and corresponding eigenfunctions
g g €ig
(You may assume that all eigenvalues are real and positive).

(d) Bonus [+1pt] Prove that eigenvalues are simple, i.e. all eigenfunctions
corresponding to the same eigenvalue are proportional.

Hint. Change coordinate system so that interval becomes [-L,L]| with
L=1/2; consider separately even and odd eigenfunctions.

Solution. Separating variables u(x,t) = X (x)T'(t) we arrive to

XV =X

X(-L)=X'(-L) =0, )

X(L)=X'(L)=0 4.6)
and

T+ Kw'T =0 (4.7)

with w > 0 (see Hint).

(a) Solving characteristic equation k* = w*

and

we get kljg = iw, k3’4 = tww

X = Acosh(wz) + Bsinh(wz) 4+ C cos(wx) + D sin(wz). (4.8)

Plugging into ([7.5)), we get (dividing X’(+L) by w

Acosh(wL) + Bsinh(wL) + C cos(wL) + Dsin(wL) = 0, (4.9)
Asinh(wL) + Bcosh(wL) — C'sin(wL) + D cos(wL) =0, (4.10)
Acosh(wL) — Bsinh(wL) + C cos(wL) — Dsin(wL) =0, (4.11)
—Asinh(wL) + Bcosh(wL) + C'sin(wL) + D cos(wL) =0 )

~—

and immediately

Acosh(wL) + C cos(wL) =0 (4.13)
Asinh(wL) — Csin(wL) = 0, (4.14)



and
Bsinh(wL) 4+ Dsin(wL) = 0, (4.15)
Bcosh(wL) + D cos(wL) =0 (4.16)

The first system has non-trivial solution iff its determinant is 0

cosh(wlL)sin(wL) 4 cos(wL) sinh(wl) =0 <= tanh(wL) = —tan(wL).
(4.17)
The second system has non-trivial solution iff its determinant is 0

cosh(wlL)sin(wL) — cos(wlL)sinh(wl) =0 <= tanh(wL) = tan(wL).

(4.18)
so w must satisfy either (4.17]) or (4.18)).
Then, in case (4.17) B = D =0, and up to a constant factor C' = 1,
A = —cos(wL)/ cosh(wL) and
cosh(wz) cos(wL)
X(z) = — . 4.1
(x) = cos(wz) cosh(wL) (4.19)
Similarly, in case (4.17))
_ sinh(wz) sin(wl)
X(x) = — 4.2
(x) = sin(wx) sinh(wI) (4.20)

(d) (4.17) and (4.18) are not compatible. Indeed, if both hold then tanh(wL) =
0 which contradicts to wL > 0.

Also if (4.17) or (4.18)) holds then the corresponding matrix has rank 1:
indeed cosh(wL) # 0.

Therefore the space of solution is 1-dimensional.

[
Solution 2. Not following Hint. Still
X = Acosh(wz) 4+ Bsinh(wzx) + C cos(wx) + D sin(wz). (4.21)
andasx=0: A+C =0, B4+ D =0 and
X = A(cosh(wz) — cos(wz)) + B(sinh(wz) — sin(wz)). (4.22)

Then as z =1

)

A(cosh(wl) — cos(wl)) + B(sinh(wl) — sin(wl))

0
A(sinh(wl) + sin(wl)) + B(cosh(wl) — cos(wl)) =0



where we divided X’(I) by w. Then it has non-trivial solution if its deter-
minant 1s 0:

(cosh(wl) — cos(wl))2 — (sinh(wl) + sin(wl)) (sinh(wl) — sin(wl)) = 0
which rewritten as
cosh?(wl) — 2 cosh(wl) cos(wl) + cos?(wl) — sinh?(wl) + sin?(wl) = 0
and since cosh?(t) — sinh?(¢) = 1, cos?(t) + sin?(t) = 1 we get
cosh(wl) cos(wl) =1 (4.23)

and taking B = (cosh(wl) — cos(wl)), A = —(sinh(wl) — sin(wl)) (up to a
common factor) we get

X = —(sinh(wl) — sin(wl)) (cosh(wz) — cos(wz))+
(cosh(wl) — cos(wl)) (sinh(wz) — sin(wz)). (4.24)

It is the same solution as Solution 1: one can prove that
cosh(2wL) cos(2wL) = 1 <= tanh®’(wL) = tan®*(wL)
(remember, [ = 2L), and X differ by a shift (by —L) and a factor. O

5 Quiz 5

Problem 5.1 (5pts). As a > 0 find Fourier transforms of
(a) (2pts) eV,
(b) (1.5pts) e”l*sin(z);
(c) (1.5pts) we~ Il sin(z).

Solution. (a) Fourier transform of e~1#l:

00 0 [e's)
(27?)1/ e~ l#l=ikT gy — (2m)~! (/ =07 gy +/ e(T1-ik)e dx) =
oo 0

— 00

i x=0 . =00
R (e R G 5 e NI
T=—00 =0
1
2m) (1= k) = (1= ik) ) =~ (5
) (A= - (- ) = = )
(b) Since sin(z) = %(e”’ — e‘i””) and multiplication by e of u means
ks k— B for i, F.T. of e” "l sin(x) is
1 1 1
— — . 5.2
2m<1+(l~c—1)2 1+(k+1)2> (52)

7



(¢) Multiplication of u by x means i0;u(k) resulting in

% k<1+(k;1—1)2_1+(k1+1)2>:

ko1 k1
- %((H k—-12)7% (1+ (k:+1)2)2)‘ 53)

O

6 Quiz 6
Problem 6.1 (5pt). Solve

AU = Uyy + Uy =0 in r<a
ulr—q = f(0).

1 0<f0<nm

where we use polar coordinates (r,6) and f(6) = { | m<8<2
-1 .

Hint. Use Fourier method rather than Poisson formula.

Solution. Setting u(r, ) = R(r)©(0) we after separation of variables arrive
to 7“2R” + rR’ e
Sk el
R ©

and since the first term depends on r only, and the second term on 6 only we
conclude that both are constant; also ©® must be 2m-periodic and therefore

0"+ 10 =0, O(0 +2m) = 6(0); (6.1)

then \y = 0, 6y = % and X\, = 72n?, O, = cos(nb), O,5 = sin(nh) for
n=12...
Then

R’ +rR +n*R = 0. (6.2)

This is Euler equation and its solutions are Ry = Ay + Bylnr,
R,,=A,, " +B,r"orn=1,2,...

We remove terms with Inr and =" since they are singular at the origin and
finally

u(r,0) = %Ao + Z(A” cos(nb) + B, sin(nh))r". (6.3)

Plugging into Dirichlet boundary condition we get
1 o
f(0) = 5140 + Z(A” cos(nf) + B, sin(n@))a". (6.4)
n=1

8



Then

1 K
A, = —/ f(0) cos(nd) db n=0,1,2,...
Ta™ J_.
1 s
B, = / f(0)sin(nd) db n=12...
Ta™ J_,

Since f(#) is an odd function A,, = 0 and

B, = 2 /7T f(6)sin(nd) do n=12... (6.5)
0

wa”

Note No punishment for using all these formulate without deduction.
Then

2 [T 2 =
B, = o, sin(nf) df = — cos(nfh) zzo =
0 n =2m,
4 (6.6)
—(2m e n=2m+ 1.

Finally

'LL(T', 9) = Z W sm(2m + 1)9

m=0

7 Quiz 7

Problem 7.1. The heavy flexible but unstretchable wire (chain) has a
length and an energy respectively

1
Ez/ V1+w?de, (7.1)
-1
1
U:pg/ uvV1+u'?d (7.2)
-1

where p is a linear density.

(a) Write down an equation minimizing energy U as length ¢ = 4 is fixed.
(b) Find solution satisfying u(—1) = u(1) = 0.
(¢) (bonus) Calculate U.

Hint Since Lagrangian L does not depend on z explicitly, Euler-Lagrange
equation is equivalent to H := 'L, — L = const.

9



Solution. (a) Euler-Lagrange functional is

1
/ (u—ANV1+4+u?de (7.3)
—1
with Lagrangian
L=(u—-XANV1+u2 (7.4)
Constant factor pg does not matter here. Then equation is
— )\)ul !/
VIituw? — ((u_) — 0. 75
Vit (7:5)
(b) Simpler to use Hint than to solve equation. Then
(u—=2A)
H = ——— = const =
V1+u?
du
1+u?=Ay— A\ =dx (7.6
VITWP = Aly =) = gy =do (76)
and integration gives the answer
1
u=4 cosh(A(z — B)) + A. (7.7)

We have three parameters and three equations. u(—1) = u(l) = 0 =
B =0, A= —2%cosh(4). So,

1 1
u=— cosh(Az) — 1 cosh(A) (7.8)
where A is a root of

1 1
2
/ V1+u'?de = / cosh(Az) dx = 1 sinh(A) =/
-1 1

i.e. sinh(A) = 2A.
(¢) Assuming for simplicity pg = 1

1

U /_ 11 /_ 11 Wi =1 / (cosh(Az) — cosh(A)) cosh(Az) =

-1

1 /1 (1 cosh(2A4z) + 1 cosh(Ax) cosh(A)) dx =
A \2 2 E

1 /1
T (5 sinh(2A4) + A — 2sinh(A) cosh(A)> =
1

A2
Numerics show that A ~ 2.17732 — U ~ —3.64484 (not required).

<A — sinh(A) cosh(A)) = %(1 - 2COSh(A)>. (7.9)
[

10
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